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Abstract Interlaboratory comparisons are a fundamental
task in order to provide measurements with traceability.
The simplest possible scenario implies that a single trav-
eling standard of a quantity is measured at various
laboratories. A more complex scenario arises when the
laboratories measure a large set of standard values per-
taining to a given physical quantity or when the traveling
standard is not a realization of the quantity of interest but a
measuring instrument. In the last case, it might be conve-
nient to globally compare the calibration curves provided
by the laboratories. We will introduce a distance between
two generic analytical curves based on the Least Power L,
norm of their difference. The properties of such distance
will be presented, with particular attention to its depen-
dence on the parameter p.
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Introduction

Interlaboratory comparisons are a fundamental task in
metrology, as they are the main tool to check and maintain
the compatibility between the various National Standards,
and make them referable to an International Standard [1].
The original and principal aim of metrology, as stated since
the introduction of the “Convention du métre” in the
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nineteenth century, was and still is to obtain a situation in
which all measurements performed anywhere in the world
can provide comparable results, hence it could even be said
that, nowadays, there can be no metrology without inter-
laboratory comparisons.

The simplest possible scenario for an interlaboratory
comparison implies that a single traveling standard of a
quantity is measured at various laboratories. If sufficient
precautions are taken to avoid damages or modifications to
the standard, the same stimulus will be provided to all
measurement chains, which will therefore provide their
various responses to it. Once these results are collected,
point wise statistical methods can be employed for evalu-
ating an appropriate reference value and for determining a
degree of equivalence for each participating laboratory. A
great number of publications and guidelines have been
devoted to the subject (see, among many, [2]). This situ-
ation applies in “classical” cases, i.e., when a single, well-
defined standard can be circulated and measured. The
prototype application of this scenario is the comparison of
the mass standard.

Though, with the evolution of metrology and the request
for definition and maintenance of standards for various
quantities, more complex scenarios have started to emerge.
One more general scenario arises when the laboratories
measure a large set of standard values pertaining to a given
physical quantity. This situation, that still needs to be
addressed by appropriate guidelines, typically occurs either
when “several traveling standards (are) circulated [and
(need) to be treated] together” or when a standard has “to
be measured at each of a number of stipulated values of a
parameter, such as wavelength or frequency” [2].

Another situation of practical importance occurs when
the traveling standard is not a realization of the quantity of
interest but a measuring instrument. Examples of such
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comparisons include those concerning mass flow rate, air-
speed, ionizing radiation, photometry and so on. Since in
such cases the quantity of interest must be generated by an
appropriate test rig, it might be inconvenient or impossible
for the laboratories to calibrate the instrument on the very
same set of specified points. Therefore, the various data
sets are usually made equivalent by comparing “approxi-
mately coincident” points, but this method appears quite
questionable. One possible solution is to compute best fit-
ting curves and re-compute the expected value at the
reference points, but it would be clearly better to compare
the calibration curves themselves as a whole.

Comparing calibration curves directly would have the
additional advantage of allowing to globally assess the
compatibility of the measurements; moreover, should a few
measurement points be evident outliers, the comparison in
those points would not be completely lost but at least some
indicative results could be recovered through the global
evaluation.

Another possible application of a method for globally
comparing curves can be found in the chemical/spectro-
scopic field. Actually, it is often necessary to compare
absorption spectra, as measured by a spectrograph on
unknown compounds, to analogous reference spectra.
Presently, this comparison is performed using distance-to-
model methods [3], such as Euclidean norm and Pearson
correlations, or more sophisticated tools, such as Principal
Components Analysis (PCA) and Soft Independent Mod-
eling by Class Analogy (SIMCA). The method proposed in
the following might constitute an alternative, based on the
direct computation of the distance between the measured
spectrum and the reference one. Notice that the method, in
the case p = 2, is a generalization of the Least Squares
Algorithm described in [3].

In order to develop the ability to compare the results in
such a way, several steps are required. Obviously, the first
requirement is to be able to compare two different curves,
irrespectively of their mathematical formulation (i.e., it is
desirable to be able to compare a straight line to a parabola,
or an hyperbola and so on). This comparison must also be
quantitative and objective.

The following step will be to define a reference curve,
which will be appropriately computed based on data from
all the laboratories and to which all the single curves will
be compared.

The present paper is concerned only with the first of
these steps. We will introduce a distance between two
generic analytical curves defined on a closed and bounded
interval. Such distance is based on the Least Power L,
norm of the differences between the curves. The properties
of such distance will be presented, with particular attention
to its dependence on the parameter p.

@ Springer

The distance can also be generalized to discrete data
sets, although there are some mathematical details to be
worked over; this work is in progress, in parallel to the
definition of reference curves/data sets, and will be the
subject of future papers.

An exhaustive overview of the L, norm estimation
theory, as well as dedicated algorithms for its implemen-
tation, are available in the statistical literature [4-7].

L, norms

The L, norm (with p > 1) is a general concept that can be
defined on a large class of abstract mathematical objects. In
this context, however, we restrict its definition to the case
of bounded functions f{x) which are defined on a closed and
bounded subset of the real numbers, for example on the
interval [a, b], having length A = b — a.

If the Lebesgue integral of the p power of the absolute
value of f

b
/vuww (1)
is defined and finite, then
b 1/p
1
il = 5 [ reoras )

is the (normalized) L, norm of fix) on [a, b] [8]. If
0 <p <1, Eq. 2 is no longer a norm, since it does not
satisfy the triangular inequality. If f(x) describes a
dimensional physical quantity, its L, norm is defined to
have the same dimension as f(x). If f(x) = k, for k constant,
then IIfll, = | k|, irrespectively of the interval [a, b] and the
parameter p. For p = 1, 2, oo, respectively, Eq. 2 leads to
the following norms:

b
Il = [ o) ax ()
il = )
il = sup{ @)1, 5
0.

where sup is the supremum of |[f{x)| (the supremum of a
bounded function g(x) is its least upper bound, that is, the
smallest value s such that g(x) <s, for every x; if the
function is continuous on a close interval [a, b], its
supremum coincides with its maximum). Consider, for
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Fig. 1 a A generic function and b the evolution of its L, norm as a
function of p

example, function f(x) in Fig. la) (for simplicity, the
function has been chosen to be positive on the considered
interval [0, 1]). The L, norm llfll; is proportional to the area
of the region bounded by the function graph (the shaded
area in the figure), and is exactly the mean value of f{x) on
the interval. Iifll, is proportional to the inertia moment of
the function graph with respect to the x axis. llfll , is the
maximum value of f (x) (indicated by the arrow in the
figure).

By varying p, the norm behavior has a continuous
transition through the three special cases given by Egs. 3,
4 and 5. Figure 1b) depicts such dependence of lIfll, on p.
The monotonic increase of the I|fll, norm for increasing
p is a general property [8]. It can been seen, as expected,
that IIfil, tends, for increasing p, to the maximum value of
f .

Figure 2a, b show function f(x) together with another
function g(x) and the corresponding L, norms. It is clear
that the ordering of I|fil, and ligll, is dependent on the value
of p. Since the mean value of g(x) is larger than that of f{x),
for low p values one has that Ilfl, <ligll, while when
increasing p, the higher peak of f(x) becomes more
important and the order between norms is inverted.
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Fig. 2 a Two functions and b the evolution of their L, norm as a
function of p

A distance between curves

In order to evaluate the distance between two functions f(x)
and g(x) defined over the same domain [a, b], we propose
to consider the L, norm, defined by Eq. 2, of the difference
between the two curves:

Df, = If —é&ll,- (6)

From now on we will drop the subscript “f, g” if it is
enough clear from the context which are the relative
functions.

Obviously, the same properties hold for this distance as
for the L, norm of a single function treated in the previous
section. In particular, if the curves differ from each
other only by an additive term (simple translation), i.e.
fix) — g(x) = k, then D’ = Ikl for any interval [a, b] and
any p. If the two curves coincide everywhere on [a, b], then
D’ = 0.If g(x) = 0 all over [qa, b], then D" = IIfil,.

Consider again the same functions plotted in Fig. 2a).
These are plotted again in Fig. 3a), while Fig. 3b) reports
the L, norms of their difference, i.e., their distance DP; two
special cases of this distance are also graphically repre-
sented in Fig. 3a), namely p = 1 (the shaded area) and p
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tending to infinity (the maximum distance between the
curves, indicated by the arrow).

The distance provides a global evaluation of the dif-
ference between the curves. Different properties of this
difference can be emphasized, depending on the choice of
p. For small values of p the distance takes into account the
overall similarity of the curves, while for large values of p
it highlights the maximum local differences between the
curves.

An appropriate choice of p can therefore be very
useful to evidence different properties of the curves and
their relationships. For instance, a small variation of the
distance all over the range of p will indicate that the
curves can be considered similar in shape, although
shifted with respect to each other (see the above-men-
tioned property of the distance for curves that are
translated one with respect to the other). In this case, the
question is whether such (almost) constant distance rep-
resents a small or a significant amount with respect to the
actual context.

On the other hand, a small value of the distance for
small p values followed by a strong increase for large p
values will indicate that the curves are relatively close to
each other except in some reduced regions where large
differences may exist. In this case, one should decide
which of the two aspects is more important for the aim of
the actual analysis: the good overall agreement between the
curves or their few but high discrepancies.

Therefore, depending on the specific purposes of the
evaluation, a specific value of p will be chosen that will
underline some particular characteristics of the curves. Of
course, this task involves a certain arbitrariness, but an
appropriate knowledge of the mathematical tool should be
a sufficient guide to avoid misleading results.

Comparing curves on the whole p range is the main
reason for studying the behavior of their distance as a
function of p. Moreover, if a maximum value (e.g., a
prescribed tolerance) for the distance between two curves
is set, it is possible to check which range of p satisfies such
condition; this result would allow to check whether the
curves are within tolerance only in a global sense or also
locally. For instance, assume that it is required that the
curves in Fig. 3a have a difference lower than some value,
say 3.5; it can be seen that this condition is satisfied when
p < 6.2. This means that the curves are within prescription
up to that value of p, i.e., only in a global sense. If the
prescribed tolerance was larger, say 5.5, the curves would
be within prescription for all values of p, hence also locally
at each point. Intermediate values would indicate inter-
mediate situations. Conversely, it could be possible to
decide which tolerance should be considered for the curves
to be within tolerance only in a global sense or even
locally.
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Fig. 3 a The same curves as in Fig. 2a and graphical representation
of two special cases of their distance D”; b relative distance D”as a
function of p

Finally, it was shown in [9] that, within the context of
parameter estimation, various values of p can provide L,
estimators with different properties. In perspective, an
extension to the case discussed here could be developed.

Calibration curves versus a reference curve:
an example

The distance introduced in the previous sections can be
used for the comparison of calibration curves. For the sake
of discussion, we introduce a very specific application
example (based on an anemometer, due to the specific
experience of one of the authors on this type of instru-
ments), but many others can be conceived.

Anemometers’ calibration curves are usually nonlinear
for the low speeds; in these cases, an hyperbolic function of
first or second order can usually have a good fit to the data.
Assume now that the calibration curve of a specific ane-
mometer has the form of a second order hyperbola

f(x) = ap+ ay /x + ar/x*, (7)

and that the anemometer is calibrated five times at five
different laboratories. The result of each calibration is the
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estimate of the parameters ag, a;, a, of the curves; the
values are reported in Table 1.

Let us further assume that a reference curve, having the
parameter set marked as REF in Table 1, is available. For
the purposes of the present work, this curve will be con-
sidered as given, e.g., as coming from a primary laboratory
when performing an audit. The problem of constructing a
reference curve from the available data will be discussed in
future works.

The curves are plotted in Fig. 4a) in the range
1 < x < 25. Units of measurement are immaterial for the
aims of the present work, but for the sake of completeness,
since the example is based on an anemometer, it can be

Table 1 Pseudo-calibration curves parameters

Curve number ao a a,
1 0.95 —0.015 0.030
2 0.95 —0.020 0.033
3 0.95 —0.0185 0.0365
4 0.95 -0.010 0.022
5 0.95 —0.023 0.040
REF 0.95 —0.0162 0.0305
297 /= —— — _ : Curve |
¥y : Lils Curve 2
) I ’ | — Curve 3
0.965 f 0965 | ; Curve 4
i | ‘\ —Curve 5
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Fig. 4 a Diagrams of five pseudo-calibration curves (thin lines) and
of a reference curve (thick red line); in the box, a zoom of the region
with the highest slope. b Distances of the five curves from the
reference curve; in the box, a zoom of the region close to origin
(color figure online)

imagined that x is in units of m s™', whereas y = f(x)

represents the calibration coefficient, which is often chosen
to be dimensionless.

Consider first the calibration curves 1-5. It can be
observed that the curves are relatively similar to each other,
but some differences exist. In particular, for large x the
curves tend to be essentially parallel to each other and to
keep their distances essentially constant, while for small x
there are several curve crossings. This behavior is typical
of anemometer calibration curves.

Figure 4b) shows the distances, defined by Eq. 6, of
curves 1-5 from REF, as functions of p. It can be noticed
that the order of the distances is dependent on the value of
p. In particular, for low values of p, curves 1 and 3 have the
smallest distance from REF. Actually, from Fig. 4a), it is
quite evident that the curves 1 and 3 seem on the average
closer to REF than the others.

On the other hand, looking again at Fig. 4b), the dis-
tance of curve 3 from REF rises quickly and becomes the
largest, for large p. In fact, curve 3 has the largest local
distance from REF among all curves, as can be seen by
carefully observing the zoom of the region with the highest
slope in the box of Fig. 4a).

Conclusions

The distance defined by Eq. 6 can be employed to rank
calibration curves with respect to a reference one. The
ranking strategy can be varied by choosing different ps. If
the interest is focused on the overall differences between
the curves, a small p value is appropriate, for example,
when dealing with a global assessment of a calibration
laboratory in an audit. Otherwise, if large (although local)
differences are important for the context, a large p value
should be used, for example, to identify the presence of
outliers in a single curve or a malfunctioning of the trav-
eling instrument in a subrange.

The work described in the present paper must be con-
sidered as a first step towards a complete analysis of the
comparison between two calibration curves; two major
problems, which are the subject of work in progress, are the
definition of a reference curve and the evaluation of the
uncertainty to be associated to the distance defined in
the present paper (which of course should take into account
the uncertainties associated to the original data points and,
consequently, to the various calibration curves).
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